Spacetime singularities are an important topic in general relativity and in cos mology, but understanding their philosophical significance is rather a sideissue in contemporary debates in philosophy of physics. The prevailing attitude still seems to be that singularities constitute a breakdown of physical laws. 46 A notable exception to this rather unfortunate state of affairs is John Earman's book, Bangs, Crunches, Whimpers, and Shrieks (Earman 1995), published 20 years ago, fo cused on issues related to the definition, proper characterization, and existence of singularities, as well as on several problems and hypotheses that they are thought to have given rise to. Proposing a tolerant attitude towards singularities, Earman discusses cosmic censorship, supertasks, and the horizon problem, among other issues. What we discuss in the present paper is a novel approach to singularities, based on a recent extension of general relativity that shows why singularities do not actually constitute a breakdown of physical laws: it is not only the case that physical laws are valid, but they also remain invariant at singularities (Stoica 2013). We are interested here in describing this kind of invariance, as well as in drawing its consequences for our understanding of equivalence in general rela tivity. In particular, adopting a distinction recently introduced by Dennis Dieks (Dieks 2006), we point out that the difference between the metrics at singularities and those outside of singularities is factual,
rather than nomological, and that this justifies the extension of the principle of equivalence to singularities.
Singularities, let us recall, have been discovered in the simplest solution representing the spacetime outside a body -the solution given by Schwarzschild, soon after Einstein proposed general relativity, one hundred years ago. As typically characterized, singularities are regions where the metric tensor is no longer regular, so that the mathematical objects in the Einstein equation and other field equations become infinite or undefined. Most physicists, in particular Einstein, initially rejected the possibility of singular solutions. The hope was that they are due to idealizations like the perfect spherical symmetry, and would not occur in the real world, but the singularity theorems by Penrose (Penrose 1965; and Hawking (Hawking 1966a; 1966b; 1967; Hawking and Penrose 1970) show that they are in fact unavoidable. Singularities are indeed predicted by the theory to occur both inside black holes, and at the Big Bang. This confirmed the ideas of those who thought that general relativity contained the seeds of its own destruction. Penrose then proposed the cosmic censorship hypothesis, which states that although singularities exist, they are isolated beyond the event horizon and so don't affect the physics outside the black hole (Penrose 1979; 1998) . Hawking, however, showed that if quantum effects are considered, black holes can evaporate, and so the problem persists and it is even aggravated (Hawking 1975; 1976) . This is the well-known information loss paradox.
The novel approach to singularities, adopted here and briefly described further below, gives alternative formulations of the geometric objects and the field equations, which don't break down at singularities and also remain invariant. A new branch of geometry emerges in this way, namely an invariant and more general extension of singular semi-Riemannian geometry (Stoica 2014c) , as well as a new physical theory: singular general relativity (Stoica 2013) . This provides an alternative formulation of differential geometry and general relativity, one which is equivalent to the standard one, but which can be extended at singularities too. This formulation turns out to solve many of the problems related to singularities. But its philosophical significance has yet to be fully articulated and evaluated.
Famously, Einstein and Rosen had remarked that one could multiply the stan dard equations by a suitable quantity, which vanishes at the singularity and re moves the infinities, so the singularities may be not harmful after all (Einstein and Rosen 1935) . The novel approach adopted here can be seen as a mathematical follow-up on this remark, in the sense that it provides an invariant account leading to this multiplication, and justifies it mathematically and physically. This approach not only commends an attitude of tolerance towards singularities (Earman 1996) , but is animated by the belief that, when correctly understood, they are a source of fruitful developments in general relativity and quantum gravity (Stoica 2014b) .
As far as we can see, the novel approach to spacetime singularities has important consequences for several topics of interest in philosophy of physics. Since at singularities, the distance between distinct points, as well as the duration between distinct events, can vanish, a further revision of our notion of spacetime, already revised by relativity and quantum mechanics, seems to be required. Similarly, issues concerning causality arise as well. Since distinct events are no longer separated in space or time, how does that change the way we should think about causality? Can the evolution equations be extended beyond the singularity? Are singularities really the "end of the line, " as is often believed? Standard treatments of singularities don't seem to help here, but the new approach allows the extension of spacetime and the fields beyond singularities. There are also related issues, having to do with the occurrence of Cauchy horizons, which seem to accompany charge and rotating black holes. Cauchy horizons causally disconnect some regions of spacetime, in the sense that the evolution equations defined on spacelike surfaces in the past of these regions don't reach them. The new approach to singularities allows black hole solutions to be compatible with global hyperbolicity, and hence with the absence of Cauchy horizons (Stoica 2012c ).
Furthermore, formulating general relativity and the geometry of spacetime in a way which is defined at singularities seems to suggest that the variables used in this formulation are more fundamental than the standard ones, which fail at singularities. This raises a metaphysical question about fundamentality: what geometric and physical fields are really the fundamental ones, and why? In particular, some charts are singular and are not good for representing the black hole solutions around the event horizons, but others are not singular, and are proper for this task. So the choice of the differential structure of the spacetime manifold can be done in many ways, but this choice should receive a good physical, mathematical, and philosophical justification.
In this paper, we want to focus our discussion on the problem of invariance of the physical laws. Since at singularities the metric is no longer regular, but degenerate, Lorentz invariance (in the tangent space at each spacetime point) is violated and needs to be replaced by a different type of invariance. But what type, more precisely?
Singularities in General Relativity
According to special relativity, physical laws are invariant with respect to the Poincaré group (Einstein 1905) . This is the group of isometries of the fourdimensional spacetime (the Minkowski spacetime), and includes translations and linear transformations that leave invariant the Lorentz metric Δ s 2 = -c 2 Δt 2 + Δx 2 + Δy 2 + Δz 2 ,
where t is the time coordinate, x, y, z are Cartesian space coordinates, and c is the speed of light. In the absence of gravitational forces, the equations expressing physical laws preserve their form when a Poincaré transformation is applied. In special relativity, the set of positions occupied at different moments of time by an inertially-moving particle represents a straight line. This line can be parametrized so as to give its proper time. To every instant of time corresponds a point on the time axis of the observer, and a three-dimensional space orthogonal (with respect to the inner product (1)) to the time axis at that point gives the proper space of the observer. An orthogonal inertial reference frame of the observer can be defined by choosing an origin on the time axis, a future-pointing vector on the time axis, and an orthogonal frame in the three-dimensional space orthogonal to the time axis at the origin. All such reference frames are related to one another by a Poincaré transformation.
Of course, it is not necessary for a reference frame to consist of orthogonal vectors. Any affine transformation of the Minkowski spacetime can transform any inertial frame into another inertial frame, but only the Poincaré transformations preserve the orthogonal character of inertial frames. In order to deal with inertial frames that are not orthogonal, one has to change the form of the metric, although the metric itself is an invariant mathematical object. The general form of the metric, valid in any inertial frame, is
where (x 0 ,x 1 ,x 2 ,x 3 ) := (t,x,y,z). By Einstein's summation convention, one can drop the ∑ 3 a,b=0 symbol and sum over all indices which appear twice, in both lower and upper positions. In the case of non-inertial observers, one has to use curvilinear coordinates, such as the spherical coordinates, where the form of the metric tensor varies from point to point and the quantities Δx a become infinitesimal. This means that while for orthogonal inertial frames we could identify the Minkowski spacetime with a four-dimensional vector space on which the metric is defined, for curvilinear coordinates one can no longer make this identification. Instead, one introduces at each point of spacetime a four-dimensional vector space, the so-called tangent space to the Minkowski spacetime at that point. The metric is then actually defined on the tangent space at that point. So, the infinitesimal length becomes
where the coefficients ä ab are taken to depend on position.
Observing that curvilinear coordinates introduce additional inertial forces, Einstein realized that, if spacetime is curved, gravity can be included as such an inertial force, thereby obtaining the theory of general relativity. 
where the Einstein tensor G ab = R ab -1 -2 Rä ab is equated with the stress-energy tensor T ab of matter, and the constant Λ is the cosmological constant, responsible for the accelerated expansion of the universe. This formulation does not violate Lorentz invariance, because diffeomorphisms also change the components of the metric tensor, so lengths remain invariant under diffeomorphisms. Therefore, in general relativity, Lorentz invariance is preserved in the tangent space at each point in spacetime.
However, as is well known, soon after Einstein gave this formulation of the equation, Schwarzschild found a solution describing the spacetime for a spherically symmetric gravitational field. The Schwarzschild metric is, in Schwarzschild coordinates,
where d σ 2 = dθ 2 + sin 2 θdϕ 2 .
It turns out that this metric has two singularities, one corresponding to r = 2m (the so-called event horizon), and another to r = 0. As showed by Eddington (Eddington 1924) and Finkelstein (Finkelstein 1958) , suitable coordinate transformations can remove the event horizon singularity, proving that this is an artefact of the Schwarzschild coordinates. But the same does not work for the r = 0 singularity, because no coordinate transformations can remove the infinite value of the Kretschmann scalar R abcd R abcd at r = 0. Another exact solution was proposed by Friedmann, representing an expanding universe (Friedman 1922; 1999) . Its modern form is the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, d s 2 = -dt 2 + a 2 (t)d∑ 2 ,
where d∑ 2 = + r 2 (dθ 2 + sin 2 θdϕ 2 )
The spacetime manifold is here the product between a one-dimensional manifold representing the time, and a three-dimensional symmetric space E, which can be the three-sphere S 3 , the Euclidean space ≈ 3 , or the hyperbolic space H 3 . Also k = 1 for S 3 , k = 0 for ≈ 3 , and k = -1 for H 3 . This solution has one singularity, at the big-bang, where a(t) = 0.
Singular General Relativity
The fact that these two solutions have singularities is not an accident due to the very high symmetry, as one initially hoped. The theorems offered by Penrose (Penrose 1965; and Hawking (Hawking 1966a; 1966b; 1967; Hawking and Penrose 1970) show that, in general relativity, singularities have to occur in very general situations, such as encountered in our universe. The r = 0 singularity of the Schwarzschild black hole is a spacelike singularity: time seems to end there. Any matter falling into the black hole reaches the singularity and vanishes, together with the information which it contains. The problem only gets bigger when quan tum theory is taken into account. Because of particle creation in curved spacetime (Hawking 1975) , black holes evaporate, and at the end, part of the information describing the state of the universe appears to be lost (Hawking 1976) . But what happens to Lorentz invariance?
Before we answer this question, let's distinguish between benign singularities and malign singularities, corresponding to the two main ways in which the metric tensor ä ab can become singular: by having all its components smooth, but vanishing determinants, so that the metric becomes degenerate, and by having some of its components become infinite, respectively. In the case of a degener ate metric, the reciprocal metric ä ab is singular. This makes it impossible to use two important tensor operations: the contraction between covariant components, which is usually done by contracting with ä ab , and the covariant derivative, which is typically given in terms of the Christoffel symbol of the second kind, Г c ab = 1 -2 д cs (∂ a д bs + ∂ b д sa -∂ s д ab ).
Without the covariant derivative, in particular, one can neither write the field equations, nor can one define the Riemann curvature tensor, R a bcd , in the usual way. In the case of a degenerate metric that has a constant signature (Barbilian 1939; Moisil 1940; Strubecker 1941; 1942a; 1942b; 1944; Vrănceanu 1942) , one can define an operation similar to the covariant derivative (Kupeli 1987c; 1987a; 1987b; .
However, the definition relies on choosing a subspace on the tangent space at each point, in a non-invariant way. Moreover, it could not be used for spacetime singularities, due to the constant signature of the metric.
More recently, however, one of the authors developed a novel approach that works, in an invariant way, with degenerate metrics that have a variable signature (Stoica 2014c) . The problem of contraction between covariant components has been resolved for a special type of tensors, which belong to tensor products of the tangent space and a subspace of the cotangent space of covectors of the form g ab v b . It turns out that such tensors contain all that is needed to describe singularities in terms of finite quantities, and even to construct the Riemann curvature. This approach defines a different kind of covariant derivative, which remains finite, in terms of the Christoffel symbol of the first kind,
This allowed the definition of the Riemann curvature tensor R abcd . As a conse quence, Einstein's equation (4) could be rewritten, in a different form, which is however equivalent to (4) outside the singularities, but remains finite and smooth at singularities (Stoica 2014c; 2014a) . The new formalism can handle the FLRW singularities as well, which turned out to be benign, resulting in a geometric and physical description in terms of finite quantities (Stoica 2015b; 2012b) . Similarly, for the black hole singularities, coordinate transformations were found that transform the malign singularity at r = 0 into a benign one (Stoica 2012d; 2012a; 2015c) . In the case of the Schwarzschild singularity, it has been shown that the coordinate transformation (11) results in the following form of the metric 4τ4 ds 2 = -_________ dτ 2 + (2mτ 2 )τ 4 (4ξdτ + τdξ) 2 + τ 4 dσ 2 , (12) 2mτ 2 which renders the r = 0 singularity benign. The Schwarzschild singularity is, of course, still a singularity, because the metric is degenerate, but the new formalism can be applied to obtain a geometric description of the singularity in terms of finite quantities. Also, the solution extends analytically beyond the singularity, so that in the case of Hawking evaporation, the spacetime is recovered. The upshot of the new approach is that, if they are benign, spacetime singularities do not constitute a problem for our physical theorizing, and in particular they should not be considered as a breakdown of physical laws.
Naturally, at those points in the spacetime manifold where the metric is de gen erate, Lorentz invariance is violated because the metric is degenerate. On account of this violation, the Lorentz group has to be replaced by a group of linear trans formations of the tangent space that preserve the degenerate metric at those very points. But how does such a group look like?
A degenerate metric ä on a vector space V, in particular on the tangent space at a spacetime point, defines an inner product on V, by ⟨u, v⟩ = ä ab u a v b . The vectors v  V satisfying ⟨u, v⟩ = 0 for any vector u  V are called degenerate, and they form a vector subspace of V, called the radical of ä. The vector space V can be split as a direct sum between the radical and a complementary vector space of dimension equal to the rank of the metric, on which the restriction of äis nondegenerate. The vectors from the dual space V * act on V as linear forms. Those co-vectors which vanish on the radical of ä form a vector space of dimension equal to the rank of the metric, called the annihilator of the radical. A general linear transformation on V also acts on the dual V*. If the linear transformation
preserves the metric, it has to map the radical onto itself. On the dual space, it maps the annihilator onto itself while preserving the non-degenerate metric induced by ä on the annihilator. These general linear transformations form a group which preserves the metric.
Such groups were studied by the Romanian mathematician Dan Barbilian (Barbilian 1939) . In particular, if the metric is non-degenerate, the group is the orthogonal group of the metric. If the metric is degenerate in all directions, that is, if it vanishes, then the group preserving it is the general linear group of V. The group that is needed, in our case, to replace the Lorentz group at singularities is the intermediate case, i.e., a group that preserves the degenerate metric only at some points in spacetime. The replacement is not required outside the singularities, where the metric is non-degenerate. Thus, outside the singularities there is no violation of the Lorentz invariance (in the tangent space at every point). The replacement, moreover, does not have any physical consequences outside the singularities (at least if quantum effects are ignored).
Discussion
Now, in summary, the standard formulation of general relativity presents the Einstein equation as valid and generally covariant outside the singularities, but as breaking down at singularities. However, for the reasons expounded above, it turns out that this standard formulation can be circumvented. The extension of general relativity to singularities introduces an equivalent, generally covariant reformulation of the Einstein equation, which does not break down at (benign) singularities. Its fundamental equation, just like the Einstein equation, is invariant under the symmetry group of local diffeomorphisms. Unlike the Einstein equation, the fundamental equation of singular general relativity is also Barbilian invariant, i.e ., invariant under a symmetry group that preserves only the degenerate metric at (benign) singularities, in the tangent space at every point.
Furthermore, singular general relativity also extends the principle of equivalence to singularities. In a recent paper, Dennis Dieks introduced an useful distinction between factual and nomological differences between reference frames, i.e., "differences that should be seen as fact-like rather than law-like" (Dieks 2006) . He argued that, whereas in classical mechanics and in special relativity, the differences between inertial and accelerated frames should be understood as nomological differences, in general relativity, the differences between all frames should be understood as purely factual differences, since the spacetime manifold itself is a dynamical structure rather than a fixed background. This allows for an understanding of the equivalence between reference frames in the sense that there are no nomological differences between them, and justifies the claim, which had been repeatedly challenged, that Einstein was right in thinking that general rela tivity extends the principle of equivalence to accelerated motion. In other words, understanding equivalence in the way suggested by Dieks justifies the claim that Einstein was right in thinking that the equivalence of all arbitrary frames is a consequence of the general covariance of his equation. This only assumes that general covariance is regarded not as a merely formal requirement, in the sense that the Einstein equation should possess the same syntactic form under arbitrary coordinate transformations (Norton 1995; Earman 2006) , but rather as a sub stantive requirement that the same laws hold in all reference frames, that is, that they contain no quantities locating the frame with respect to a fixed spacetime background. On this interpretation of general covariance, all arbitrary frames can be equivalent despite being factually distinct.
We agree with this interpretation of general covariance, since we think it true that the metric itself is a dynamical object, rather than a fixed background, as it is in classical mechanics and in special relativity. But, furthermore, we believe that distinction introduced by Dieks can be used in supporting the view that the principle of equivalence, understood in nomological terms, should be extended not only to accelerated motion, but to spacetime singularities as well. For if the same laws that hold in all reference frames are also valid at singularities, and if differences of metrics are factual rather than nomological, then the principle of equivalence can be extended to singularites. As described above, it is indeed the case that the same laws that hold outside of singularities are also valid at singularities, and it seems natural to take the degeneracy of the singular metric as a matter of fact, rather than as a matter of law. So the principle of equivalence can be extended farther than Einstein thought it would.
But some may want to deny that the degeneracy of the singular metric is a matter of fact. However, besides the dynamical character of the metric, which we take to strongly suggest that its degenerate character is factual rather than nomological, here is another reason that could justify this idea. It is known that the metric tensor of a distinguishing spacetime can be obtained from the causal structure (the collection of lightcones) up to a scaling factor (Zeeman 1964; 1967; Malament 1977) . The scaling factor can be recovered by knowing a measure, which gives the volume form (Finkelstein 1969) . Therefore, at the topological level, ignoring the differential structure, the metric can be expressed equivalently by the causal structure and the measure, which are topologically invariant. It has been shown that the topology of the lightcones is the same at singularities as it is outside them, at least for the Friedmann-Lemaitre-Robertson-Walker big-bang singularity and for the Schwarzschild and Reissner-Nordstrom black hole singularities (Stoica 2015a ). The measure is also not manifestly special at these singularities. But if these two structures -the causal structure and the mea sure, which again depend only on the topology -are not manifestly special at singularities, then how does the degeneracy of the metric arises? The reason is that the differential structure "arranges" the spacetime events on the manifold in a certain way, and forces the metric to be degenerate in some cases. With re spect to the causal structure, the lightcones become flattened in some directions of spacetime, although topologically they are equivalent. At the topological level the local diffeomorphisms are replaced by local homeomorphisms. So, while gen eral covariance still preserves the degenerate or regular character of the metric, an extension of general covariance, where local diffeomorphisms are replaced by local homeomorphisms, obliterates any differences between the degenerate and regular metrics, which further supports the idea that the character of the metric is factual rather than nomological. However, extending the field equations, including the Einstein equation, so that they are invariant to homeomorphisms and not merely to diffeomorphisms, is of course still an open problem. The difficulty is due to the fact that all field equations are partial differential equations, which make sense for our current mathematical understanding only in the presence of a differential structure. Nevertheless, it is safe to conclude that even limited to local diffeo morphisms, the laws are the same outside the singularities and at singularities, and the differences between frames are only factual, which reinforces our point above that the principle of equivalence, interpreted in nomological terms, can be extended to singularities. 47
